Sum of a Series of Consecutive Squares

We want to end up with a formula for the sum of consecutive squares of whole numbers from 1 to
n. The following is an exploration, not really a derivation, but its aim is to make a derivation seem
perfectly reasonable.

1. Let p = the sum of a series of squares of consecutive whole numbers from 1 ton: 12 + 22 +
32 + - + n?

2. Let a = the sum of an arithmetic series of consecutive whole numbers from 1ton:1 + 2 +
34+ +n

3. When we find p in terms of n, we'll have our formula.

4. We know from our explorations with multilink blocks that we can take a sum of a series of
consecutive squares

and assemble it into a right pyramid.

If we make 3 of these right pyramids (3p) and fit them together in a certain way, along with an
arithmetic series (a) , we can make a rectangular prism whose dimensions are (n) X (n + 1) x
(n+1) with n = 4.




5. We can express this symbolically: 3p + a = n(n+1)(n+ 1)

6. To express p in terms of n, we need a value we can substitute for a. From experimenting with
pairs of arithmetic series of 1 + 2 + 3 + -+ + n with multilink blocks (see below for an
illustration of n = 4), we notice that if we build an arithmetic series and make a copy of it, it
always seems to be true that we can assemble the two chunks into a rectangle with dimensions
(n) x (n+1)

< n+1—

While we have the multilink blocks out, it would be good to try some other arithmetic series
to test our hunch a little more.

7. Remembering that we were letting a = the sum of an arithmetic series of consecutive whole
(n)(n+1)

numbers from 1 to n, we can state our hunch in symbolic form: a = 5

8. Now we can get back to the pyramids and substitute this value for a. We know three sums of
squares of 1...n plus one sum of an arithmetic series of 1...n gives us a rectangular prism with
dimensions n(n + 1)(n + 1). So we have this general equation: 3p + a = n(n+ 1)(n + 1)
which, when we substitute for a becomes
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Subtracting a from both sides, we have
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